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a b s t r a c t
An (L, d)∗-coloring is a mapping φ that assigns a color φ(v) ∈ L(v) to each vertex v ∈ V (G)
such that atmost d neighbors of v receive colorφ(v). A graphG is called (k, d)∗-choosable if
it admits an (L, d)∗-coloring for every list assignment Lwith |L(v)| ≥ k for all v ∈ V (G). Let
G be a graph embeddable on the torus. In this paper, it is proved that G is (3, 1)∗-choosable
if G contains no 5- and 6-cycles.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Graphs considered here are finite, simple and undirected. A toroidal graphG is a graph embedded on the torus.We denote
its vertex set, edge set, face set and minimum degree by V (G), E(G), F(G) and δ(G), respectively.
A list assignment L to the vertices of G is an assignment of a set L(v) of colors to vertex v for every v ∈ V (G), and a k-list
assignment satisfies that |L(v)| = k for any vertex v. An L-coloring of a graph G is a coloring of G such that the color assigns
to v is in L(v) for any vertex v ∈ V (G). If the coloring of G is proper, we say that G is L-colorable. Also, G is k-choosable if it is
L-colorable for any given k-list assignment L.
Cowen et al. [3] considered defective coloring of graphs. A graphG is said to be k-colorablewith defect d, or simply, (k, d)∗-
colorable, if the vertices of G can be coloredwith k colors in such away that each vertex has atmost d neighbors receiving the
same color as itself. A d-defective L-coloring, or simply an (L, d)∗-coloring, is a mapping φ that assigns a color φ(v) ∈ L(v) to
each vertexv ∈ V (G) such that atmost dneighbors ofv receive colorφ(v).G is called (k, d)∗-choosable if it is (L, d)∗-colorable
for any k-list assignment L. The concept of list improper coloring was first introduced by Skrekovski [7] and by Eaton and
Hull [5]. They proved that every planar graph is (3, 2)∗-choosable and every outerplanar graph is (2, 2)∗-choosable. In [6],
it was showed that every planar graph without 4-cycles and l-cycles for some l ∈ {5, 6, 7} is (3, 1)∗-choosable. Dong and
Xu [4] proved that every planar graph without 4-cycles and l-cycles for some l ∈ {8, 9} is (3, 1)∗-choosable.
A graph G is toroidal if G can be drawn on the torus so that the edges meet only at the vertices of the graph. A face f
is called 2-cell if any simple closed curve inside f can be continuously contracted to a single point. An embedding of G is
called a 2-cell embedding if all the faces are 2-cell. We now assume that all embeddings considered in this paper are 2-cell
embeddings.
For toroidal graphs, Xu and Zhang [10] proved that every toroidal graph without adjacent triangles is (4, 1)∗-choosable.
Xu and Yu [9] proved that every toroidal graph containing no adjacent triangles and no 6-cycles and l-cycles for some
l ∈ {5, 7} is (3, 1)∗-choosable. Chen et al. [2] proved that: (1) if G contains no k-cycles with a chord for all k = 4, 5, 6,
then G is (3, 1)∗-choosable; (2) if G contains no l-cycles with a chord for both l = 5, 6, then G is (4, 1)∗-choosable. Recently,
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Fig. 1. Source f and sink f ′ with joint-vertex v, d(w1), d(w2) ≥ 5, d(v1) = d(v2) = 3, d(v) = d(v3) = d(v4) = 4.
Cai et al. [1] showed that (1)G is 4-choosable ifG contains no k-cycles for some k ∈ {3, 4, 5}, (2)G is 5-choosable if it contains
no 6-cycles, (3) G is 6-choosable if it contains no 7-cycles.
In this paper, we show that every toroidal graph containing no 5- and 6-cycles is (3, 1)∗-choosable which improved the
result of Xu and Yu [9].
2. Notation
For convenience, we introduce the definitions of some terms and notations. For definitions that are not included here,
the readers refer to a standard text on graph theory, for example, see [8].
For a vertex v, let dG(v) andNG(v), or simply d(v) andN(v), denote its degree and the set of its neighbors inG, respectively.
The degree of a face f , denoted by dG(f ) (sometimes also d(f )) is the number of edges incident with it. Note that each cut
edge is counted twice in the degree. A k-vertex (or k-face) is a vertex (or a face) of degree k, a k+-vertex (or a k+-face) is a
vertex (or a face) of degree at least k, and a k−-vertex (or a k−-face) is a vertex (or a face) of degree at most k. A face of an
embedded graph is said to be incident with the edges and vertices on its boundary. A triangle in G is synonymous with a
3-cycle. Two faces are adjacent if they share a common edge, and are intersecting if they share a common vertex.
For a face f ∈ F(G), we use b(f ) to denote the closed boundary walk of f and write f = [u1u2 · · · uk] if u1, u2, . . . , uk
are all the vertices on the boundary walk in the clockwise order. The set of boundary vertices of f is denoted by V (f ). Such
a k-face f is also called a (t1, t2, . . . , tk)-face if d(ui) = ti for i = 1, 2, . . . , k. We use fuiui+1 to denote the face adjacent to f
with common edge uiui+1, where i = 1, 2, . . . , k and k+ 1 ≡ 1(modk). The distance between two faces f1 and f2 in a graph
is defined as the length of the shortest path between their boundary vertices, denoted by d(f1, f2), the distance between one
vertex v and one face f is defined as the length of the shortest path between v and V (f ), denoted by d(v, f ). A face f is called
simple if its boundary forms a cycle.
For a 3-face f , it is called bad if it is adjacent to another 3-face, otherwise, it is called good. A special (5+, 4, 4)-face is a
bad (5+, 4, 4)-face adjacent to a (4, 4, 4)-face. A 4-face f is called special if it is incident with at least one 3-vertex.
A 7-face f is called special if all faces adjacent to f are 3-faces and there are at least two 3-vertices on b(f ). Note that
a special 7-face is a simple face. A 7+-face f is a source of a 7-face f ′, and then f ′ is a sink of f , if they have exactly the
configuration shown in Fig. 1. The 4-vertex v in Fig. 1 is said to be a joint-vertex. Note that f may be multiple sources of f ′
through different joint-vertices, and for a source f , the vertices in Nb(f )(v) are 5+-vertices, while for a sink f ′, the vertices in
Nb(f ′)(v)must be 3-vertices. From the structure of source and sink faces, we can find that it is impossible for the case that f
is a source face through joint-vertex vi and simultaneously a sink face through another joint-vertex vj.
If S ⊆ V (G), we use G[S] to denote the subgraph of G induced by S, and simply write G − S = G[V (G) \ S]. Let L be an
arbitrary list assignment of G, and φ be an (L, d)∗-coloring of G − S. Let Lφ(v) = L(v) \ {φ(u)|u ∈ NG−S(v)} for all vertices
v ∈ S, and we call Lφ an induced assignment of G[S] from φ. We also say that φ can be extended to G if G[S] admits an
(Lφ, d)∗-coloring.
Let G be the family of toroidal graphs containing neither 5- nor 6-cycles.
3. Structure of (3, 1)∗-minimal graphs
A graph G is said to be (3, 1)∗-minimal if G is not (3, 1)∗-choosable, but every subgraph of G with fewer vertices is.
Obviously, every (3, 1)∗-minimal graph is connected. Then, by Lih et al. [6], the following lemma holds.
Lemma 3.1 ([6]). If G is a (3, 1)∗-minimal graph, then the following facts hold.
(1) δ(G) ≥ 3.
(2) If d(u) = 3, then d(v) ≥ 4 for all v ∈ NG(u).
(3) There is no (3, 4, 4)-face.
In order to prove our theorem, we now present some more useful lemmas for (3, 1)∗-minimal graphs.
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Lemma 3.2. If G is a (3, 1)∗-minimal graph, then there is no 5-vertex v incident with one (5, 4, 3)-face intersecting with one
(5, 4, 4−)-face.
Proof. Assume to the contrary. Let L be a 3-list assignment of G, f1 = [vx1x2] and f2 = [vy1y2] be the two intersecting
3-faces with d(v) = 5, d(x1) = d(y1) = 4, d(x2) = 3 and 3 ≤ d(y2) ≤ 4. By the assumption, there is an (L, 1)∗-coloring
φ of G′ = G − {v, x1, x2, y1, y2}. Let Lφ be the induced list assignment of G − G′, then |Lφ(x1)|, |Lφ(y1)|, |Lφ(y2)| ≥ 1 and
|Lφ(x2)|, |Lφ(v)| ≥ 2.
First we color u by the color c(u) ∈ Lφ(u) for u ∈ {x1, y1, y2}. If Lφ(x2) \ {c(x1), c(y1), c(y2)} ≠ ∅, then color x2 by
c(x2) ∈ Lφ(x2) \ {c(x1), c(y1), c(y2)}. Next color v by c(v) ∈ Lφ(v), where c(v) appears at most once (may not appear)
among {c(x1), c(x2), c(y1), c(y2)}. Note that such a color must exist, as |Lφ(v)| ≥ 2 and c(x2) ∉ {c(x1), c(y1), c(y2)}.
Now suppose that Lφ(x2) ⊆ {c(x1), c(y1), c(y2)}. If |{c(x1), c(y1), c(y2)}| = 2, i.e., Lφ(x2) = {c(x1), c(y1), c(y2)}, then
color x2 by c(x2) ∈ Lφ(x2)which appears twice in the set {c(x1), c(y1), c(y2)}, and color v by c(v) ∈ Lφ(v)which appears at
most once (may not appear) among {c(x1), c(y1), c(y2), c(x2)}. If |{c(x1), c(y1), c(y2)}| = 3, then color x2 by c(x2) ∈ Lφ(x2)
which appears once among {c(x1), c(y1), c(y2)}, and color v by c(v) ∈ Lφ(v)which appears at most once (may not appear)
among {c(x1), c(x2), c(y1), c(y2)}.
Thus φ can be extended to the graph G, a contradiction. 
Lemma 3.3. If G is a (3, 1)∗-minimal graph and f = [vyz] is a (4, 4, 4)-face, then there is no 3-vertex xwith distance d(x, f ) = 1.
Proof. Assume to the contrary. Let L be a 3-list assignment of G and f = [vyz] be a (4, 4, 4)-face. Suppose v is incident with
one edge xv, where d(x) = 3. By the assumption, there is an (L, 1)∗-coloring φ of G′ = G−{v, x, y, z}. Let Lφ be the induced
list assignment of G − G′, then |Lφ(x)|, |Lφ(y)|, |Lφ(z)| ≥ 1 and |Lφ(v)| ≥ 2. First we color u by the color c(u) ∈ Lφ(u) for
u ∈ {x, y, z}. Then color v by c(v) ∈ Lφ(v)which appears at most once (may not appear) among {c(x), c(y), c(z)}. It means
that φ can be extended to the graph G, a contradiction. 
Lemma 3.4. If G is a (3, 1)∗-minimal graph, then there is no even (3, 4, 3, 4, . . . , 3, 4)-2k-face, where k ≥ 2.
Proof. Assume to the contrary that the lemma does not hold. Let L be a 3-list assignment of G, and f = [v1v2 · · · v2k] be
a (3, 4, 3, 4, . . . , 3, 4)-face with d(v1) = d(v3) = · · · = d(v2k−1) = 3 and d(v2) = d(v4) = · · · = d(v2k) = 4, where
k ≥ 2. By the assumption, there is an (L, 1)∗-coloring φ of G − V (f ). It is sufficient to show that φ can be extended to G.
For the subgraph G[V (f )] with the induced list assignment Lφ , we know that |Lφ(v1)|, |Lφ(v3)|, . . . , |Lφ(v2k−1)| ≥ 2 and
|Lφ(v2)|, |Lφ(v4)|, . . . , |Lφ(v2k)| ≥ 1.
First, we color vi with ci ∈ Lφ(vi) for i = 2, 4, . . . , 2k. Then color vj by one color of Lφ(vj) \ {cj−1} for j = 3, 5, . . . , 2k− 1
in order, and color v1 by one color of Lφ(v1) \ {c2k}. It means that φ can be extended to the graph G, which contradicts the
choice of G. 
Lemma 3.5. If G is a (3, 1)∗-minimal graph, then the distance between two (4, 4, 4)-faces is at least 2.
Proof. Assume to the contrary. Let L be a 3-list assignment ofG and f1, f2 be the two (4, 4, 4)-faceswith distance d(f1, f2) ≤ 1.
By the assumption, there is an (L, 1)∗-coloring φ of G′ = G−{V (f1)∪V (f2)}. Let Lφ be the induced list assignment of G−G′,
then it is sufficient to prove that G− G′ is (Lφ, 1)∗-colorable.
We consider three cases.
Case 1. The faces f1 and f2 are intersecting. Suppose f1 = [vx1x2] and f2 = [vy1y2], then |Lφ(xi)|, |Lφ(yi)| ≥ 1 for i = 1, 2
and |Lφ(v)| = 3. First we colorw by one color c(w) ∈ Lφ(w) forw ∈ {x1, x2, y1, y2}. Then color v by one color c(v) ∈ Lφ(v),
which appears at most once (may not appear) among {c(x1), c(x2), c(y1), c(y2)}.
Case 2. The faces f1 and f2 are adjacent. Suppose f1 = [v1v2x] and f2 = [v1v2y], then |Lφ(v1)|, |Lφ(v2)| ≥ 2 and
|Lφ(x)|, |Lφ(y)| ≥ 1. First, we color x by c(x) ∈ Lφ(x) and y by c(y) ∈ Lφ(y). Then color v1 by c(v1) ∈ Lφ(v1), which
appears at most once (may not appear) among {c(x), c(y)}, and then color v2 by color c(v2) ∈ Lφ(v2), which appears at most
once (may not appear) among {c(x), c(y), c(v1)}.
Case 3. d(f1, f2) = 1. Suppose f1 = [x1x2x3] and f2 = [y1y2y3], where x1y1 is an edge of G, then |Lφ(xi)|, |Lφ(yi)| ≥ 1
for i = 2, 3 and |Lφ(x1)|, |Lφ(y1)| ≥ 2. First, we color v by the color c(v) ∈ Lφ(v) for v ∈ {x2, x3, y2, y3}. Then color x1
by the color c(x1) ∈ Lφ(x1), which appears at most once (may not appear) among {c(x2), c(x3)}. Next color y1 by the color
c(y1) ∈ Lφ(y1), which appears at most once (may not appear) among {c(x1), c(y2), c(y3)}.
For the three cases, the coloring φ can all be extended to the graph G, a contradiction. 
Lemma 3.6. If G is a (3, 1)∗-minimal graph, then G contains no 8-face f = [v1v2 · · · v8] with a chord v1v7, where d(v2) =
d(v4) = d(v6) = 3, d(v3) = d(v5) = d(v7) = 4, d(v1) = 5 and 3 ≤ d(v8) ≤ 4. It means that G contains no (3, 4, 3, 4, 3, 4,
5)-faces adjacent to a (4, 5, 4−)-face.
Proof. Assume to the contrary. Let L be a 3-list assignment of G. By the assumption, there is an (L, 1)∗-coloring φ of
G′ = G − {v1, v2, . . . , v8}. Let Lφ be the induced assignment of G − G′, then |Lφ(v1)|, |Lφ(v3)|, |Lφ(v5)|, |Lφ(v8)| ≥ 1 and
|Lφ(v2)|, |Lφ(v4)|, |Lφ(v6)|, |Lφ(v7)| ≥ 2.
First we color u by c(u) ∈ Lφ(u) for u ∈ {v1, v3, v5, v8}. Then color vi by c(vi) ∈ Lφ(vi) \ {c(vi−1)} for i = 2, 4, 6. For the
vertex v7, by |Lφ(v7)| ≥ 2, we know there must exist a color c(v7) ∈ Lφ(v7) which appears at most once (may not appear)
among the color set {c(v1), c(v8), c(v6)}. Then color v7 by the color c(v7), which means that φ can be extended to the graph
G, a contradiction. 
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4. Main theorem
Let G ∈ G be a toroidal graph without 5- and 6-cycles. We have the following main theorem.
Theorem 4.1. Every graph G ∈ G is (3, 1)∗-choosable.
Proof. Suppose that the theorem does not valid, then there exists a (3, 1)∗-minimal toroidal graph G that contains no
5- and 6-cycles. Let L be a 3-list assignment of G, then the lemmas in the above section all hold for G.
We define an initial weightw for vertices and faces of G as following:w(x) = d(x)− 4 for each x ∈ V (G) ∪ F(G).
It follows from Euler’s formula that
∑
x∈V (G)∪F(G)w(x) = 0. For two elements x and y of V (G)∪ F(G), we use τ(x → y) to
denote the weight transferred from x to y. We use the following discharging rules in order to obtain a new weightw′.
(R1) Each face f transfers 13 to each of its incident 3-vertices. Note that f should transfer weight to v twice if v appears
twice on the boundary walk b(f ).
(R2) Each 5-vertex v transfers 13 to each of its incident 3-faces, and sends its remaining weight evenly to the special
7-faces incident with it.
(R3) Each 6+-vertex v transfers 13 to each of its incident 3-faces and 7-faces.
(R4) Each 7+-face f transfers 16 to each of its adjacent special 4-faces f
′ if there is one 3-vertex in V (f ′) ∩ V (f ). Next f
transfers to its adjacent 3-face f ′′ weight.
1
2 if f
′′ is a special (5+, 4, 4)-face and the 5+-vertex of b(f ′′) is also on b(f ).
2
9 if f
′′ is a good (5+, 4−, 4−)-face.
1
3 if f
′′ is a (4, 4, 4)-face or a bad (5+, 4−, 4−)-face. Note that f ′′ is not a special (5+, 4, 4)-face or it is a special (5+, 4, 4)-
face with the 5+-vertex of b(f ′′) not on b(f ).
1
9 if f
′′ is a good (5+, 5+, 4−)-face.
1
6 if f
′′ is a bad (5+, 5+, 4−)-face.
(R5) Each special (5+, 4, 4)-face f transfers 13 to its adjacent (4, 4, 4)-face.
(R6) Through each joint-vertex v, the source 7+-face f transfers 19 to the sink 7-face f
′.
We now show that after discharging, the new weight w′ satisfies w′(x) ≥ 0 for any x ∈ V (G) ∪ F(G), and there is an
element x ∈ V (G)∪ F(G)withw′(x) > 0. There is a contradiction since the total weight, which is zero, is unchanged during
the discharging, and hence the theorem holds.
Remark 1. w′(v) ≥ 0 for all v ∈ V (G).
If d(v) = 3, thenw′(v) ≥ 3−4+ 13 ·3 = 0 by (R1). Note that, combiningwith (R1) and the definition of 2-cell embedding,
v can still get 13 three times from its incident faces when v is incident with less than three different faces.
If d(v) = 4, thenw′(v) = w(v) = 4− 4 = 0.
If d(v) = 5, then v is incident with atmost three 3-faces. Thus, by (R2),w′(v) ≥ 5−4− 13 ·3 ≥ 0. Moreover, ifw′(v) = 0,
then either v is incident with three 3-faces or v is incident with at least one special 7-face.
If d(v) ≥ 6, then, by (R3), we havew′(v) ≥ d(v)− 4− 13d(v) ≥ 0. Moreover,w′(v) = 0 if and only if d(v) = 6 and v is
only incident with 3-faces and 7-faces.
Remark 2. w′(f ) ≥ 0 for all f ∈ F(G).
First let d(f ) = 3.
(1) If f is incident with no 5+-vertices, then, by Lemma 3.1, f is a (4, 4, 4)-face. If f is a good (4, 4, 4)-face, then
w′(f ) ≥ 3 − 4 + 13 · 3 = 0 by (R4). If f is a bad (4, 4, 4)-face, then, by Lemmas 3.3 and 3.5, we know that its adjacent
3-face must be a (4, 4, 5+)-face, which is a special (4, 4, 5+)-face. Thus, by (R5), we havew′(f ) ≥ 3− 4+ 13 · 2+ 13 · 1 = 0.
(2) If f is incident with exactly one 5+-vertex, i.e., f is a (5+, 4−, 4−)-face. For a good (5+, 4−, 4−)-face, we have
w′(f ) ≥ 3 − 4 + 13 + 29 · 3 ≥ 0. For a bad (5+, 4−, 4−)-face, we have w′(f ) ≥ 3 − 4 + 13 + 13 · 2 ≥ 0 if f is not a
special (5+, 4, 4)-face. Otherwise, if f is a special (5+, 4, 4)-face, thenw′(f ) ≥ 3− 4+ 13 + 12 · 2− 13 = 0.
(3) If f is incident with exactly two 5+-vertices, i.e., f is a (5+, 5+, 4−)-face, thenwe havew′(f ) ≥ 3−4+ 13 ·2+ 19 ·3 = 0
if f is a good 3-face, andw′(f ) ≥ 3− 4+ 13 · 2+ 16 · 2 = 0 if f is a bad 3-face.
(4) If f is a (5+, 5+, 5+)-face, then we havew′(f ) ≥ 3− 4+ 13 · 3 = 0.
Let d(f ) = 4. Since the adjacent faces of f are 7+-faces, by (R4), we have thatw′(f ) ≥ 4− 4− 13 t + 16 · 2t = 0 for t = 0,
1 or 2, where t denote the number of 3-vertices on b(f ).
Now let d(f ) ≥ 7. For convenience, we first introduce some notations. Suppose the number of 3-vertices on b(f ) is t , the
number of special (5+, 4, 4)-faces adjacent to f with the 5+-vertex of the 3-face on b(f ) is s, the number of normal 3-faces
adjacent to f is p (where normal 3-face is defined as a non-special 3-face or a special (5+, 4, 4)-face with the 5+-vertex not
on b(f )), the number of special 4-faces adjacent to f is q, where one of the 3-vertices of the special 4-face is also on b(f ), and
the number of joint-vertices on b(f ) is j.
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We will get the following two facts first.
Fact 1. p ≤ d(f )− 2s− q.
Suppose that f = [u1u2 · · · uk] is a 7+-face. If fuiui+1 is a 4-face adjacent to f , which has a common 3-vertex with b(f ),
then obviously, the edge uiui+1 cannot be incident with a 3-face again. If fujuj+1 is a special (5
+, 4, 4)-face with d(uj) ≥ 5
and d(uj+1) = 4, then the two edges ujuj+1 and uj+1uj+2 cannot be incident with normal 3-face again. Simultaneously, the
face fuj+2uj+3 cannot be a special (5
+, 4, 4)-face with d(uj+2) = 4 and d(uj+3) ≥ 5. Otherwise, there are two (4, 4, 4)-faces
with distance less than 2, which contradicts Lemma 3.5. This means that different special (5+, 4, 4)-faces adjacent to f must
produce different pairs of edges on b(f ) that are not incident with normal 3-faces. Thus, p ≤ d(f )− 2s− q.
Fact 2. s ≤ d(f )− 2t − q if f is a sink face. And s ≤ d(f )− 2t − 2j− q if f is not a sink. Equivalently, we can also write
t ≤ 12 (d(f )− s− q) and t ≤ 12 (d(f )− s− 2j− q), respectively.
Suppose that f = [u1u2 · · · uk] is a 7+-face. If d(ui) = 3, then fui−1ui and fuiui+1 are not special (5+, 4, 4)-faces. What
is more, since G contains no adjacent 3-vertices, t 3-vertices on b(f ) must produce 2t edges of b(f ) that are not incident
with special (5+, 4, 4)-faces. If uj is a joint-vertex, then fuj−1uj and fujuj+1 are not special (5
+, 4, 4)-faces. If fumum+1 is a 4-face
adjacent to f with d(um) = 3 (or d(um+1) = 3), then fumum+1 obviously cannot be a 3-face.
If f is not a sink face, which means that there are no joint-vertices adjacent to 3-vertices, then we have s ≤ d(f ) −
2t − 2j − q. If f is a sink face, then the neighbor vertices of the joint-vertex on b(f ) are 3-vertices. Thus, we only have
s ≤ d(f ) − 2t − q. This proves Fact 2.
The proof of the 7+-face case is divided into two cases.
Case 1. f is not a sink face.
Combining with Fact 1, Fact 2, (R1), (R4) and (R6), we have that
w′(f ) ≥ d(f )− 4− 1
3
t − 1
2
s− 1
9
j− 1
6
q− 1
3
p
≥ d(f )− 4− 1
3
· 1
2
(d(f )− s− 2j− q)− 1
2
s− 1
9
j− 1
6
q− 1
3
(d(f )− 2s− q)
= 1
2
d(f )− 4+ 1
3
s+ 2
9
j+ 1
3
q. (1)
Thus,w′(f ) ≥ 0 for any 8+-face f . Now suppose that d(f ) = 7.
By the inequality (1), we know that if j+ q+ s ≥ 3, then w′(f ) ≥ − 12 + 13 s+ 29 j+ 13q > 0; if j+ q+ s = 2 and j ≠ 2,
thenw′(f ) ≥ − 12 + 13 s+ 29 j+ 13q > 0. Now we consider five subcases depending on the value of j, q and s.
Subcase 1.1. j = 2, q = 0 and s = 0. If f = [v1v2 · · · v7] is a source face with two joint-vertices, then f is a simple face
and t ≤ 1. By (R1) and (R6), we havew′(f ) ≥ 7− 4− 13 t − 19 j− 13p ≥ 7− 4− 13 − 19 · 2− 13 · 7 > 0.
Subcase 1.2. j = 1, q = 0 and s = 0. Let f = [v1v2 · · · v7] and v1 be the joint-vertex. Then f is a simple source face, which
implies that d(v2), d(v7) ≥ 5 and t ≤ 2.
If t = 2, then there must exist one 3-vertex among {v3, v6}, for G contains no adjacent 3-vertices. Without loss of
generality, suppose d(v3) = 3. If f is not a special 7-face, thenw′(f ) ≥ d(f )−4− 13 t− 13p− 19 j ≥ 7−4− 13 ·2− 13 ·6− 19 ·1 > 0.
If there exists one 6+-vertex on b(f ), thenwe havew′(f ) ≥ d(f )−4− 13 t− 13p− 19 j+ 13 ≥ 7−4− 13 ·2− 13 ·7− 19 ·1+ 13 > 0.
Now we suppose that f is a special 7-face and all vertices on b(f ) are 5−-vertices, which implies that d(v2) = d(v7) = 5.
Since fv1v2 and fv1v7 are bad (5, 4, 3)-faces, by Lemma 3.2, we know that fv2v3 and fv6v7 are neither (5,4,3)-face nor (5,4,4)-
face. Thus fv2v3 and fv6v7 are (5, 5
+, 3+)-faces, which implies that τ(f → fv2v3) ≤ 16 and τ(f → fv6v7) ≤ 16 by (R4). Thus, we
havew′(f ) ≥ 7− 4− 13 · 2− 13 · 5− 16 · 2− 19 > 0 by (R4) and (R6).
If t = 1, thenw′(f ) ≥ d(f )− 4− 13 t − 13p− 19 j ≥ 7− 4− 13 · 1− 13 · 7− 19 > 0.
Subcase 1.3. j = 0, q = 1 and s = 0.
There are at least two edges of b(f ) that are not adjacent to 3-faces by q = 1. Moreover, we can get t ≤ 3 since there are
no adjacent 3-vertices. Thus,w′(f ) ≥ d(f )− 4− 13 t − 13p− 16q ≥ 7− 4− 13 · 3− 13 · 5− 16 · 1 > 0.
Subcase 1.4. j = 0, q = 0 and s = 1. Let f = [v1v2 · · · v7] and fv1v7 be the special (5+, 4, 4)-face adjacent to f with
d(v1) = 4 and d(v7) ≥ 5. Then fv1v2 cannot be a 3-face by G ∈ G, and p ≤ 5 by Fact 1.
If t ≤ 2, then we havew′(f ) ≥ d(f )− 4− 12 s− 13 t − 13p ≥ 7− 4− 12 · 1− 13 · 2− 13 · 5 > 0.
If t = 3, then d(v2) = d(v4) = d(v6) = 3. On the other hand, since fv1v7 is a special (5+, 4, 4)-face with d(v1) = 4, which
means that v1 is incident with a (4, 4, 4)-face, we know that d(v2) ≠ 3 by Lemma 3.3, a contradiction.
Subcase 1.5. j = q = s = 0. If t + p ≤ 9, thenw′(f ) ≥ d(f )− 4− 13 t − 13p ≥ 0 (we call it inequality (I)).
Now let t + p ≥ 10. Then t = 3 and p = 7, for t ≤ 3 and p ≤ 7, i.e., f is a simple special 7-face. Let f = [v1v2 · · · v7] and
d(v2) = d(v4) = d(v6) = 3. If there exists one 6+-vertex on b(f ), then, by (R3),w′(f ) ≥ 7− 4− 13 · 3− 13 · 7+ 13 ≥ 0 (we
call it inequality (II)).
Now suppose that all vertices on b(f ) are 5−-vertices. If d(v3) = 5 (or d(v5) = 5), then τ(v3 → f ) = 13 (or τ(v5 → f ) =
1
3 ), for v3 (or v5) is incident with two 3-faces and one special 7-face. Thus, we have w
′(f ) ≥ 7− 4− 13 · 3− 13 · 7+ 13 ≥ 0
(we call it inequality (III)).
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Now suppose d(v3) = d(v5) = 4, then fv2v3 , fv3v4 , fv4v5 , fv5v6 are (5+, 4, 3)-faces, for G contains no (4, 4, 3)-faces. We
know that d(v1) = 5 (otherwise v3 is a joint-vertex) and d(v7) = 5 (otherwise v5 is a joint-vertex). Then τ(f → fv1v7) ≤ 16 ,
for fv1v7 is a (5, 5, 3
+)-face, and τ(f → fv1v2) = τ(f → fv6v7) = 16 , for fv1v2 and fv6v7 are bad (5, 5+, 3)-faces. Thus, we have
w′(f ) ≥ 7− 4− 13 · 3− 16 · 3− 13 · 4 > 0.
Case 2. f is a sink face. Then f is a simple 7-face and 1 ≤ j ≤ 2.
Combining with Fact 1, Fact 2, (R1), (R4) and (R6), we have that
w′(f ) ≥ d(f )− 4− 1
3
t − 1
2
s− 1
6
q− 1
3
p+ 1
9
j
≥ d(f )− 4− 1
3
· 1
2
(d(f )− s− q)1
2
s− 1
6
q− 1
3
(d(f )− 2s− q)+ 1
9
j
= 1
2
d(f )− 4+ 1
3
s+ 1
3
q+ 1
9
j. (2)
Subcase 2.1. j = 1.
Let f = [v1v2 · · · v7] be a sink face with a joint-vertex v1, then d(v1) = d(v3) = d(v6) = 4, d(v2) = d(v7) = 3 and
2 ≤ t ≤ 3.
(1) If s+ q ≥ 2, by the inequality (2), we have thatw′(f ) ≥ 12d(f )− 4+ 13 (s+ q)+ 19 j ≥ 12 · 7− 4+ 13 · 2+ 19 > 0.
(2) If s = 1 and q = 0, then fv4v5 must be the special (5+, 4, 4)-face, which implies that p ≤ 5 and t = 2. Thus, we have
thatw′(f ) ≥ d(f )− 4− 13 t − 12 s− 16q− 13p+ 19 j ≥ 7− 4− 13 · 2− 12 − 13 · 5+ 19 > 0.
(3) If s = 0 and q = 1, then t = 3. Moreover, suppose fvjvj+1 is the special 4-face adjacent to f with d(vj) = 3, then fvjvj+1
and fvj−1vj are not 3-faces. Thus p ≤ 5. By (R1), (R4) and (R6), we have w′(f ) ≥ d(f ) − 4 − 13 t − 12 s − 16q − 13p + 19 j ≥
7− 4− 13 · 3− 16 − 13 · 5+ 19 > 0.
(4) If s = 0 and q = 0.
If t = 2, thenw′(f ) ≥ d(f )− 4− 13 t − 13p+ 19 ≥ 7− 4− 13 · 2− 13 · 7+ 19 > 0.
If t = 3, then there must exist one 3-vertex among {v4, v5}. Without loss of generality, suppose d(v4) = 3. If f is not a
special 7-face, then we havew′(f ) ≥ d(f )− 4− 13 t − 13p+ 19 j ≥ 7− 4− 13 · 3− 13 · 6+ 19 > 0. If there exists one 6+-vertex
on b(f ), then, by (R3), we havew′(f ) ≥ d(f )− 4− 13 t − 13p+ 19 j+ 13 ≥ 7− 4− 13 · 3− 13 · 7+ 19 + 13 > 0. Now suppose that
f is a special 7-face and all vertices on b(f ) are 5−-vertices. We can see that v3 is not a joint-vertex, as j = 1, which means
that either fv3v4 is not a (5
+, 4, 3)-face or d(v5) ≠ 4.
If fv3v4 is not a (5
+, 4, 3)-face, then it must be a (4, 4, 3)-face, for d(v3) = 4 and d(v4) = 3, which contradicts Lemma 3.1.
Thus fv3v4 is a (5
+, 4, 3)-face and d(v5) ≠ 4. Since d(v4) = 3 and G contains no adjacent 3-vertices, we have d(v5) = 5,
which implies that fv4v5 is a bad (5, 5
+, 3)-face. Then, by (R4), we have τ(f → fv4v5) = 16 . If fv5v6 is a good (5, 4, 3+)-face,
then τ(f → fv5v6) ≤ 29 . Thus, w′(f ) ≥ 7 − 4 − 13 · 3 − 29 − 16 − 13 · 5 + 19 > 0. If fv5v6 is a bad (5, 4, 5+)-face, then
τ(f → fv5v6) = 16 . Thus,w′(f ) ≥ 7− 4− 13 · 3− 16 · 2− 13 · 5+ 19 > 0. If fv5v6 is a bad (5, 4, 4−)-face, then there is a (4, 3,
4, 3, 5, 4, 3)-face adjacent to a (5, 4, 4−)-face, contradicts Lemma 3.6.
Subcase 2.2. j = 2.
Let f = [v1v2 · · · v7] be a sink face with two joint-vertices v1 and v3. Then d(v2) = d(v4) = d(v7) = 3 and
d(v1) = d(v3) = d(v5) = d(v6) = 4. If f is not a special 7-face, i.e., fv5v6 is not a 3-face, then we have w′(f ) ≥
d(f )−4− 13 t− 13p+ 19 j ≥ 7−4− 13 ·3− 13 ·6+ 19 ·2 > 0. Now suppose f is a special 7-face. By Lemmas 3.1 and 3.3, we know
that fv5v6 is a good (4, 4, 5
+)-face, then, by (R4), τ(f → fv5v6) = 29 . Thus, we havew′(f ) ≥ 7−4− 13 ·3− 13 ·6− 29+ 19 ·2 ≥ 0
(we call it inequality (IV)).
We have proved that w′(x) ≥ 0 for all x ∈ V (G) ∪ F(G). Since the total weight w′(x) is zero, w′(x) = 0 for all
x ∈ V (G) ∪ F(G). Next, we will get some element x ∈ V (G) ∪ F(G)withw′(x) > 0 and then get a contradiction.
Remark 3. There exists some element x ∈ V (G) ∪ F(G)withw′(x) > 0.
For any element x ∈ V (G) ∪ F(G), sincew′(x) = 0, we have the following six claims.
Claim 1. For any 5-vertex v, it is either incident with three 3-faces or incident with at least one special 7-face.
Claim 2. For any 6-vertex v, it is only incident with 3-faces and 7-faces.
Claim 3. G contains no 7+-vertices.
In fact, if v is a 7+-vertex, thenw′(f ) ≥ d(v)− 4− 13d(v) > 0.
Claim 4. G contains no 9+-faces.
If f is a 9+-face in G, by inequality (1), we havew′(f ) ≥ 12d(f )− 4+ 13 s+ 29 j+ 13q > 0.
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Fig. 2. Config.A and Config.B.
Claim 5. G contains no 8-faces.
If f is a 8-face in G, by inequality (1), we have 0 = w′(f ) ≥ 12d(f )− 4+ 13 s+ 29 j+ 13q, which implies that s = j = q = 0.
Moreover, since 0 = w′(f ) ≥ d(f ) − 4 − 13 t − 13p, we have that t = 4 and p = 8. Let f = [u1u2 · · · u8] and
d(u1) = d(u3) = d(u5) = d(u7) = 3, then τ(f → fuiui+1) = 13 for i = 1, 2, . . . , 8 (9 ≡ 1(mod8)), which implies that
fuiui+1 are bad (5
+, 4, 3)-faces. By Claims 2 and 3, we know that all the vertices ui cannot be 6+-vertices for i = 2, 4, 6, 8.
If d(uj) = 4 for all j = 2, 4, 6, 8, then f is a (3, 4, 3, 4, . . . , 3, 4)-face, which contradicts Lemma 3.4. Thus, there must exist
at least one uj with degree 5, where j ∈ {2, 4, 6, 8}. Without loss of generality, we suppose that d(u2) = 5. According to
Claim 1, the vertex u2 should be incident with either three 3-faces or at least on special 7-face. However, u2 is incident with
two 3-faces, one 8-face and two adjacent 7+-faces. A contradiction.
Claim 6. G contains no 7-faces.
Let f be a 7-face of G. According to the proof of Remark 2, now that w′(f ) = 0, f cannot be a source face, i.e., there is no
source face in G. It is sufficient to consider the four inequalities (I)–(IV) before.
Inequality (IV): In this case, f is a sink face, which means there must exist some source face in G, a contradiction.
Inequality (I): In this inequality, by w′(f ) = 0, we know that q = j = s = 0, t + p = 9 and τ(f → T ) = 13 for any
adjacent 3-face T , which implies that all 3-faces incident with 3-vertices of b(f ) are bad (5+, 4, 3)-faces. By p ≤ 7, we have
t ≥ 2. Note that there is no 6+-vertices on b(f ), otherwise, 0 = w′(f ) ≥ 7− 4− 13 (t + p)+ 13 > 0.
First, we suppose there exist two 3-vertices on b(f ) with distance 2 (see the Config.A in Fig. 2). If d(v3) = 4, then
d(v1) = d(v5) = 4, for fv1v2 , fv2v3 , fv3v4 , fv4v5 are bad (5+, 4, 3)-faces, which implies that v3 is a joint-vertex. This contradicts
j = 0. If d(v3) = 5, then there are two intersecting (5, 4, 3)-faces, which contradicts Lemma 3.2. Thus, there is no two
3-vertices on b(f )with distance 2, which implies that t ≠ 3.
Now we suppose that t = 2, and then the distance between two 3-vertices on b(f ) is 3 (see the Config.B in Fig. 2). Then
p = 7, i.e., f is a special 7-face. By τ(f → fv3v4) = 13 and (R4), we know that fv3v4 is either a bad (5+, 4−, 4−)-face or a (4, 4,
4)-face. However, it is cannot be a (4, 4, 4)-face by Lemma 3.3. Thus, fv3v4 is a bad (5
+, 4−, 4−)-face, which implies that one
of {v3, v4}must be 5-vertex. Without loss of generality, let d(v3) = 5, then v3 is incident with one (5, 4, 3)-face intersecting
with one (5, 4−, 4−)-face. This contradicts Lemma 3.2.
Inequality (II) and (III): In the two inequalities, byw′(f ) = 0, we know that f is a special 7-face with q = j = s = 0, t = 3
and τ(f → T ) = 13 for any adjacent 3-face T . Let f = [v1v2 · · · v7]with d(v2) = d(v4) = d(v6) = 3, then τ(f → fvivi+1) = 13
for i = 1, 2, . . . , 7 (8 ≡ 1(mod 7)), which implies that fvivi+1 are bad (5+, 4, 3)-faces for i = 1, 2, . . . , 6. If d(v3) = 4, then
d(v1) = d(v5) = 4, for fv1v2 , fv2v3 , fv3v4 , fv4v5 are bad (5+, 4, 3)-faces, which implies that v3 is a joint-vertex. This contradicts
j = 0. If d(v3) ≥ 5, then d(v5) ≥ 5, for fv3v4 , fv4v5 are bad (5+, 4, 3)-faces. By (R2) and (R3), we have that τ(vi → f ) = 13 for
i = 3, 5, which implies thatw′(f ) ≥ 7− 4− 13 · 3− 13 · 7+ 13 · 2 > 0. A contradiction.
Thus, the graph G contains no 7-faces.
From the six claims, we know that the graph G contains only 3-faces, a contradiction. This completes the proof of the
theorem. 
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